Basics of the Dirac field

Allan Lind Jensen No academic affiliation^∗ (Dated: June 2, 2021)

Abstract

A foundation of the classical Dirac field, where the anti-particles have positive kinetic energy, but negative charge density, is suggested. Deriving the boundary conditions by variation of the action solves the Klein paradox. The possibility of SU(2, 2) gauge fields is noted.

NOTATION

The space-time, M, is the 4-dimensional space-time, a Lorentz manifold. The coordinates are denoted by (x^0, . . . , x^3) = (t, x, y, z), and the coordinate vectors by ∂_t etc. The symbol d represents the exterior derivative. By F(M), and T M and ΛM are understood the ring of real scalar fields on M, the vector fields on M, and the covariant vector fields, respectively.

The metric tensor is denoted by g = g_{ij} dx^i ⊗ dx^j , and the metrically equivalent (2, 0) tensor by g = g^{ij} ∂_i ⊗ ∂_j . Many formulas hold in curved space-time, but formulas for kinetic energy and momentum are restricted to Minkowsky space.

The electromagnetic field is a 1-form

A = −ϕ dt + A_x dx + A_y dy + A_z dz ∈ ΛM,

where ϕ and A are the electric and vector potential respectively. The charge-current density is a vector field J = ρ ∂_t + J_x ∂_x + . . . ∈ T M,

where ρ is the charge density, and J the current density. The subscript ”f” denotes the metrically equivalent covariant field, e.g. J_f .

Whenever explicit matrices in connection to the Dirac field are given, the standard representation,

γ^0 = � � I ◯ ◯ −I � � , and γ^α = � � ◯ σ^α −σ_α ◯ � � ,

where σ_α are the Pauli spin matrices, is used.

Everything is formulated as classical field theory. This is where the problems and their proposed solutions lie.

DIFFERENTIATION WITH RESPECT TO FIELDS AND GEOMETRY

20th century mathematics sheds new light on the delicate matter of differentiation with respect to fields and geometry.

A spring with a point mass

Consider a spring of length L, fixed at x = 0 and moving only in one dimension. Denote the mass density by ρ(x), the elasticity μ(x), and the displacement of a mass point originally at x by y(t, x). Finally, assume the action

S(y) =

� �_L 0 1 2 ρy^2_t (t, x) − 1 2 μy^2_x(t, x) dx + 1 2 My^2_t (t, A) dt , (1)

where M is a point mass at x = A.

The partial derivative in direction φ(x) is

D_φS = lim_{α→0}

S(y + αφ) − S(y) α = � �_L 0 ρy_t(t, x)φ_t(t, x) − μy_x(t, x)φ_x(t, x) dx + My_t(t, A)φ_t(t, A) dt .

This is a continuous functional of φ in some Fréchet space D_{[0,A]} ∨ D_{[A,L]} of functions continuous at z = A. Therefore DS is a generalized function, which is presently computed. The displacement y cannot be expected to be differentiable at x = A, where the singular mass is placed. Partial integration leads to

D_φS =

� �_L 0 (−ρy_{tt} + (μy_x)_x)φ dx + (μ(A)Δy_x(t, A) − My_{tt}(t, A)) φ(t, A) − μ(L)y_x(t, L)φ(L) dt ,

where Δy_x(t, A) = y_x(t, A^+) − y_x(t, A^−). The differential becomes

DS = −ρy_{tt} + (μy_x)_x + (μΔy_x − My_{tt}) δ_{x−A} − μy_xδ_{x−L} (2)

Its vanishing gives the wave equation as well as the boundary conditions

My_{tt}(t, A) = μ(A)Δy_x(t, A) and y_x(L) = 0 .

Differentiation with respect to geometry

Geometry is a 10-dimensional real field, so differentiation of the action leads to a 10- dimensional real field. Treating the 16 components of the metric tensor as independent works, so long all tensor fields are symmetric.

Assume that the action, S = � . . . + CT dV = � � . . . + T^{ij}g_{ij} � √ −g d^4x ,

contains the contraction of a not necessarily symmetric tensor field, T, such as the Ricci tensor or a tensor arising from matter fields. The change of g in the direction

φ =

� � � � � � φ_{00} 0 0 0 φ_{10} φ_{11} 0 0 φ_{20} φ_{21} φ_{22} 0 φ_{30} φ_{31} φ_{32} φ_{33}

� � � � � �

must be symmetrical to make any geometric sense. Thus the change in geometry is given by

g + α Symm φ = � � � � g_{00} + αφ_{00} . . . g_{03} +^α_2 φ_{30} . . . . g_{30} +^α_2 φ_{30} . . . g_{33} + αφ_{33}

� � � � , (3)

and DS will subsequently have two terms

Symm T − 1 2 CT g .

Based on this, it is suggested writing the Einstein equation G = 8πG c^4

Symm T , (4)

where T is the stress-energy tensor. Symmetry of the stress-energy tensor is not a feature required by general relativity.

THE RELATIVISTIC SCHRÖDINGER FIELD: THE KLEIN PARADOX

In view of [6], section 5.4, it is instructive to review the Klein paradox and study the pair production induced by an incoming wave. It is solved using the theory of the Klein-Gordon equation in section 2.2 of [2], particularly the gauge invariant versions of equation (2.16), (2.18), and (2.19).

Let the potential barrier be ϕ = V · H(z), where H is the Heaviside step function, and let the wave impinging from the negative z-axis be ψ = Ae^{−iωt+iklz}. In the case qV > mc^2 + ℏω, a solution ψ(t, x, y, z) = � � � Ae^{−iωt+iklz} + Be^{−iωt−iklz} for z ≤ 0 Ce^{−iωt−ikr z} for z ≥ 0 (5) exists, where the wave number k_r is the positive solution^1 to (ℏω − qV )^2 = ℏ^2c^2k^2_r + m^2c^4. Continuity of ψ and ∂_zψ across the boundary gives B = k_l + k_r k_l − k_r

A and C =

2k_l k_l − k_r A. The amplitude of the outgoing wave to the left is greater than the incoming wave. The formulas above should give physically correct values for charge- and current-density, momenta and energy balance.

Only the calculation inside the barrier is interesting. The gauge invariant expression for at charge-current density is

J_f = qc Im(ψ dψ) − q^2cAψψ ℏ . (6)

It leads to the charge density is ρ = q|C|^2 ℏc^2

· (ℏω − qV ) < 0,

and the current density J_z = −qk_r|C|^2. This implies a positive velocity

v = − ℏk_rc^2 ℏω − qV

. (7)

The kinetic energy density is

Ekin =

|C|^2 ℏc^2

(ℏω − qV )^2 ,

which is positive. The total energy per particle becomes ℏω, so that the energy per antiparticle is E = − ℏω.

1 Often, the solution proportional to e^{−iωt+ikr z} is chosen. It represents a situation with two incoming waves, one from each side, with annihilation at z = 0 and the amplitudes or potential tuned, so that there is only output to the left.

The total energy of a created particle-antiparticle pair vanishes, as it must.

The momentum density becomes P = k_r qV − ℏω ℏc^2

|V |^2, which is positive. The momentum per particle is −ℏk_r, so the momentum per antiparticle is p = ℏk_r > 0. Finally, the velocity computed by the formula v = pc^2/E agrees with (7) above.

THE DIRAC FIELD

The usual starting point is a 4-dimensional representation of the Lorentz group. It turns out, that no true, unitary C^4-representation exists, meaning a homomorphism of the Lorentz group into the group of C^4-isomorphisms, if C^4 endowed with the usual inner product. A unitary representation does exist, but it maps boosts into the identity.

The well-known representation of the Lorentz group gives transformation matrices, which conserve the scalar product^2 ((x_1, x_2, x_3, x_4), (y_1, y_2, y_3, y_4)) = x_1y_1 + x_2y_2 − x_3y_3 − x_4y_4 . (8) In this space, the adjoint of a matrix is � � A B C D � � ∗ = � � A^∗ −C^∗

−B^∗ D^∗ � � , (9)

where A, . . . , D are 2 by 2 blocks. The γ-matrices are self-adjoint.

The γ-matrices are introduced as usual by requiring that the vector field γ, with selfadjoint components, solves γ ⊗_S γ = −g, (10) where ⊗_S denotes the symmetrized tensor product. It is assumed that the solution in a space with diagonal metric tensor is^3 γ = � � |g^{ii}| γ^i ∂_i (11)

2 This has been taken into account by saying that the invariant bra is ψ̄^·β. But that makes the scalar product representation dependent. Shortly, the γ-matrices will be required to be self-adjoint in the scalar product (8), which must therefore be predefined.

3 In this paper, γ^i denote the dimensionless matrices, never the components of the vector.

Consequences of the form of the Lagrangian

In this section, a Lagrangian of the form^4

L(ψ) = −ℏc Im(ψ, γψ)_a − mc^2(ψ, ψ)_a + qc(ψ, < γ, A > ψ)_a , (12)

where (·, ·)_a is some scalar product, is analyzed.

The wave equation becomes

iℏcγψ = mc^2ψ − iℏc 2 (Div γ)ψ + q < A, γ > ψ . (13)

Differentiation with respect to the A-field gives the charge-current density

J = qc(ψ, γ.ψ)_a , (14)

where the dot indicates that ψ is a scalar multiplying the vector, γ, no differentiation being involved.

Noether’s theorem indicates the stress-energy tensor

T = Re (ψ, cγ ⊗ (−iℏ grad ψ)_a − Lg , (15)

which leads to the expected expressions for energy and momentum density, E = Re (ψ, γ^0iℏψ_t)_a + L and P = Re (ψ, −γ^0iℏ∇ψ)_a (16) It is necessary to verify the interpretation of (15) by differentiating the action with respect to geometry. The metric tensor occurs implicitly through γ. Assuming diagonal metric tensor leads to D_{gtt} γ = − 1 2g_{tt} √ −g_{tt} γ^0 ∂_t . (17) This implies the energy density in (16). Consider a change of the metric tensor as the one explicitly shown in (3). The matrix can be diagonalized, and γ can be written in the new coordinates. This leads to ∂γ ∂g_{tz} � � � g_{tz}=0 = 1 4 γ^3 √ g_{zz}

∂_t g_{tt} − 1 4 γ^0 √ −g_{tt}

∂_z g_{zz}

. (18)

4 The author only reluctantly proposes symmetrizing the usual expression (ψ, iℏcγψ)_a + . . . so soon. It forces the Lagrangian density to be real, and makes it much easier to differentiate the action with respect to fields. It doubles, however, the number of terms in the calculation, so the usual form seems quite practical.

As a consequence, −2 ∂L ∂g_{tz}

= (Symm T)_{tz ,} strengthening (15).

These results are now applied to stationary flows with the object of finding a consistent theory.

For particles, obviously, setting (ψ_1, ψ_2)_a = (ψ_1, ψ_2) gives a consistent theory. Considering the interaction term for the e^+e^− scattering, it stands to reason that the stationary anti-particle flow must have the form ψ(t, r) = u(r)e^{iωt} , where ℏω = mc^2. This leads to E = −ℏω(u, cγ^0u)_a, (anti-particles) (19) and p = (u, −iℏγ^0∇u)_a, (anti-particles) (20) First, assume that (ψ_1, ψ_2)_a = (ψ_1, ψ_2). By (19), γ must change sign, when operating on anti-particles. The Dirac equation (13) then implies that an anti-particle at rest has the wrong form ψ = (0, 0, a, b)e^{−iωt}. (Unless, of course, the sign of the mass term is changed as well. But that is equivalent to changing sign of the scalar product.)

Therefore, (ψ_1, ψ_2)_a = −(ψ_1, ψ_2) for anti-particles, and then by the second half of (20) that (ψ, γ.ψ)_a is the charge-current density, with negative charge for the anti-particle. This agrees with (14).

The resulting theory

The scalar product^5 of the Dirac field is defined by

(ψ_1, ψ_2)_a = sgn(ψ_1)(ψ_1, ψ_2) , (21)

where sgn(ψ) = sign (ψ, ψ), (22) The field γ is defined by (10) with the requirement that the components are self-adjoint under (8).

5 It is not a scalar product in the mathematical sense, because additivity only holds, when the added states as well as their sum have the same sign.

TABLE I. Planar Dirac fields moving to the right

cosh ζ2 0 sinh ζ2 0 e−iωt+ikz 0 cosh ζ2 0 − sinh ζ2 e−iωt+ikz sinh ζ2 0 cosh ζ2 0 eiωt−ikz 0 − sinh ζ2 0 cosh ζ2 eiωt−ikz

j = cosh ζ∂t + c sinh ζ∂z cosh ζ∂t + c sinh ζ∂z − cosh ζ∂t − c sinh ζ∂z − cosh ζ∂t − c sinh ζ∂z

Sz = ℏ cosh ζ2 − ℏ cosh ζ2 − ℏ cosh ζ2 ℏ cosh ζ2

Symmetry around the z-axis leads to the invariant

J_z = � V (ψ, iℏcxγ^0ψ_y)_a − � V (ψ, iℏcyγ^0ψ_z)_a + � V (ψ, ℏβΩ_{x,y}ψ)_a , where Ω = i 4 γ_f ∧ γ_f is the generator of boosts and rotations. Thus the spin is S_z = � V (ψ, ℏcγ^0Ω_{x,y}ψ)_a.

Now, it is easy to write solutions to the Dirac equation for particles moving parallel to the z-axis with definite helicity. Se table I, where ℏω = mc^2 cosh ζ and ℏk = mc sinh ζ. The waves move in the same direction as the sign of k. Below each wave: the charge-current density and the spin density.

The four planar waves define the discrete symmetry operators except for a couple of phases each. The first is arbitrary, and the other follows from invariance of the first term of the Lagrangian^6 under the symmetry, which determines the transformation of γ. Except for an arbitrary phase, parity is (P ψ)(t, x, y, z) = βψ(t, −x, −y, −z), and the time and charge reversal er given by

(T ψ)(t, x, y, z) =

� � � � � �

0 −1 0 0 1 0 0 0 0 0 0 −1 0 0 1 0

� � � � � � ψ(−t, x, y, z) (23)

and

(Cψ)(t, x, y, z) =

� � � � � �

0 0 0 1 0 0 −1 0 0 −1 0 0 1 0 0 0

� � � � � � ψ(t, x, y, z) (24)

6 It can also be determined by rotating the states in table I an angle 90^∘ around the y-axis.

Invariance of the scalar product requires that the matrices associated with P and T are unitary, and that the one associated with C is anti-unitary.

Friedmann Geometry

Let the metric tensor be

g = −c^2 dt^2 + R^2(t)(dx^2 + dy^2 + dz^2) (25)

and choose γ in accordance with (11). Its divergence is

Div γ =

3R^′ cR γ^0 , (26)

and the wave equation has a solution

ψ(t, x, y, z) = A R^32 (t) e^{−i mc2ℏ t}

� � � � � �

1 0 0 0

� � � � � � , (27)

which leads to the charge density ρ = q|A|^2R^{−3}.

The Klein paradox

The potential is defined in section . Let the wave impinging from the left be

ψ_i(t, z) = A

� � � � � � cosh(^ζ_2 ) 0 sinh(^ζ_2 ) 0

� � � � � � e^{−iωt+ikz} , z ≤ 0 , (28)

where ℏω = mc^2 cosh(ζ) and ℏk = mc sinh(ζ) .

The only solution with only one wave moving right on the right side of the barrier,

ψ_t(t, z) = T

� � � � � � sinh(^η_2 ) 0 − cosh(^η_2 ) 0

� � � � � � e^{−iωt−iκz} , z ≥ 0 , (29)

where

−ℏω = mc^2 cosh(η) − qV ℏκ = mc sinh(η) , (30)

adds a reflected wave

ψ_r(t, z) = R

� � � � � � cosh(^ζ_2 ) 0 − sinh(^ζ_2 ) 0

� � � � � � e^{−iωt−ikz} , z ≤ 0 . (31)

Continuity over the boundary implies R = A cosh

�_ζ 2 −^η_2 � cosh

�_ζ 2 +^η_2

� and T =

A sinh(ζ) cosh

�_ζ 2 +^η_2

� . (32)

When κ > 0, the anti-particle moves to the right, so the incoming wave must induce a pair production. Thus the reflected wave must have greater amplitude than the incoming. But |R| < |A| by (32). This is the Klein paradox, which seems deeply rooted in the kinematics of the Dirac field.

Boundary condition when the field changes sign

Let ψ(t, z) be a field that is positive for z < 0, and negative for z > 0. The directional derivative in the direction to a field ϕ(t, z) of the same type must be made to vanish for all values of ϕ. D_ϕS(ψ) = lim_{u→0}

S(ψ + μϕ) − S(ψ) μ =

− � (ϕ, iℏcγψ)_a − � Im(ψ, iℏcγϕ)_a − mc^2(ϕ, ψ)_a − mc^2(ψ, ϕ)_a .

The asymmetric form of the Lagrangian has been used. By partial differentiation of the terms involving differentiation of ϕ, the directional derivative

D_ϕS(ψ) = � ((iℏcγ + mc^2)ψ, ϕ)_a + � (ϕ, (iℏcγ + mc^2)ψ)_a +

(ψ(0^−), γ^zϕ(0^−)) + (ψ(0^+), γ^zϕ(0^+)) is obtained. The second line^7 is responsible for the boundary condition. Introducing the components of the fields and writing ψ^− for ψ(0^−) and so forth - give

ψ^−_1 ϕ^−_3 + ψ^−_3 ϕ^−_1 + ψ^+_1 ϕ^+_3 + ψ^+_3 ϕ^+_1

Assuming continuity across the boundary fails to make this vanish. Assume more generally, that ψ^+_1 = αψ^−_1 and ψ^+_3 = βψ^−_3 , and analogously for ϕ. The expression reduces to

(1 + αβ)(ϕ^−_1 ψ^−_3 − ϕ^−_1 ψ^−_3 )

This vanishes, if 1 + αβ = 0, a simple choice is α = 1 and β = −1.

The resulting boundary condition,

ψ_1(0^+) = ψ_1(0^−) and ψ_3(0^+) = −ψ_3(0^−) , (33)

leads to R = A cosh

�_ζ 2 +^η_2 � cosh

�_ζ 2 −^η_2

� and T =

A sinh(ζ) cosh

�_ζ 2 −^η_2

� . (34)

This solution has constant current across the boundary.

The polarized cross sections of e^+e^− → μ^+μ^− scattering

The cross sections are computed to the lowest order in [1]. Applying the spinors of table I, they can readily be computed directly.

Let the rapidity of electron and positron be ζ, the rapidity of the muons be η, and let the electron move parallel to the z-axis in C.M. system. Then � ψ(e^+_R), γ.ψ(e^−_L ) � = cosh(ζ)e^{2iωt}(∂_x − i∂_y) (35)

7 It should have been symmetric in ψ and ϕ, and it would have been with the Lagrangian (12).

TABLE II. Polarized cross sections to lowest order Process d^σd_Ω ·^{4E2CM}_{α2} ψ(e^+_R)ψ(e^−_L ) → ψ(μ^+_R)ψ(μ^−_L ) (1 + cos θ)^2 ψ(μ^−_L )ψ(μ^+_R) (1 − cos θ)^2 ψ(μ^−_R)ψ(μ^+_R) or ψ(μ^−_L )ψ(μ^+_L )

�_{mμ}

E_μ

�_2 sin^2 θ ψ(e^+_R)ψ(e^−_R ) → ψ(μ^−_R)ψ(μ^+_L ) or ψ(μ^−_L )ψ(μ^+_R)

�_{me}

E_e

�_2 sin^2 θ ψ(μ^−_R)ψ(μ^+_R) or ψ(μ^−_L )ψ(μ^+_L )

�_{memμ}

E_eE_μ

�_2 cos^2 θ

and � ψ(e^+_R), γ.ψ(e^−_R) � = e^{2iωt}∂_z, (36) where the subscripts ’L’ and ’R’ refer to the helicity state. Rotation the angle θ around the x-axis and replacing ζ with η, gives for the muon pair � ψ(μ^+_R), γ.ψ(μ^−_L ) � = cosh(η)e^{2iωt}(∂_x − i cos θ∂_y − i sin θ∂_z ) (37)

The matrix elements follow immediately, M � ψ(e^+_R)ψ(e^−_L ) → ψ(μ^+_R)ψ(μ^−_L ) � = cosh(η)e^{2iωt}(1 + cos θ) (38)

etc. From this follows the cross sections of table II.

THE REPRESENTATION GAUGE FIELDS

The equation (10) has many self-adjoint solutions. A change of representation, ψ → Gψ, where G(p) = e^{iga(p)A} where A is a constant, self-adjoint matrix, g a coupling constant and a ∈ F(M) a real function leads to

Im(ψ, γψ) → Im(e^{igaA}ψ, ⟨e^{igaA}γe^{−igaA}, (e^{−igaA}d(e^{igaA}ψ)⟩) = Im(ψ, γψ) + g 2 (ψ, (⟨γ, da A)⟩ + ⟨da A, γ⟩) ψ) .

Introduce a dimensionless gauge field

D ∈ ΛM ⊗ LE =: ΛLE (39) which transform by D → GDG^∗ + daA. A more general transformation law is derived at the end of the paper.

The self-interaction term must have the form ‖dD‖^2 meaning the double contraction^8 of dD ⊗ dD. The natural way to get a scalar from a matrix product is the trace, (A, B) → tr(A^∗.B), and the trace in C^4 with the scalar product (8), follows from contraction of the matrix trA = A_{11} + A_{22} − A_{33} − A_{44} . (40)

Positive semi-definiteness fails for this matrix product. It is reasonable to believe that the normal adjoint and trace of a matrix must be used. This results in a Lagrangian

L = − ℏc 2 ‖dD‖^2 + ℏcg 2 (ψ, (⟨γ, D⟩ + ⟨D, γ⟩) ψ)_a . (41)

Let a Lorentz transformation transform a Dirac field ψ → Uψ and a 1-form by λ → uλ. Then the transformed M-field is given by

M^′ = u(UM.U^∗) . (42)

Assume that the value of a field, D, at one point x is D_x = M_{t,x} dt. When observed from a rotated observer it has the form D^R_p = e^{iRθ}M_{t,x}e^{−iRθ} dt, and observed from an observer moving in the z-direction with velocity v = −c tanh(ζ), the form D^B_p = cosh(ζ)e^{iBzζ} M_{t,x}e^{−iBz ζ} dt + sinh(ζ)e^{iBzζ} M_{t,x}e^{−iBz ζ} dz. Expanding the exponentials results in M^R = � cos^2 � θ 2 � M + i sin(θ)[R, M] + sin^2 � θ 2 � RMR � dt (43) and M^B = � cosh^2 � ζ 2 � M + i sinh(ζ)[B_z, M] + sinh^2 � ζ 2 � BMB � cosh(ζ) dt + � cosh^2 � ζ 2 � M + i sinh(ζ)[B_z, M] + sinh^2 � ζ 2 � BMB � sinh(ζ) dz .

This indicates that the fields i[R, M] dt as well as i[B, M] dt and M dz are of the same physical nature as M dt. Analogously for rotations. This indicates that the fields are divided into a few families with the same physics.

8 In coordinates written dD^{u,v}dD_{u,v}.

TABLE III. Families of representation fields Familiy Symbol Generators A field A^1_2 I γ^5 field -^1_2 γ^5 γ fields Γ^1_2 γ^i ξ fields Ξ^1_2 γ^5γ^i Generator fields G S_x, S_y, S_z, B_x, B_y, B_z

The transformation properties of the 16 self-adjoint matrices generated from γ^i are wellknown. The identity matrix is invariant under Lorentz transformations, but also

γ^5 = −γ^0γ^1γ^2γ^3 =

� � � � � � �

0 0 i 0 0 0 0 i i 0 0 0 0 i 0 0

� � � � � � � . (44)

It turns out that the Lagrangian already is invariant with respect to change of representation generated by γ^5, because the interaction term vanishes, � γ, γ^5 � + � γ^5, γ � = 0 . (45)

The fields generated by γ^i form one family; another is generated by the generators of rotations and boosts. The four self-adjoint matrices, ξ^i := iγ^5γ^i, form the last family, see table III.

The space of gauge fields can be split up into two commuting spaces, span (^1_2 I and SU^∗(2, 2) that is generated by the fourteen other generators of table III. Their coupling constants may be different.

Among the possible fields, three have been found, which are invariant under Lorentz transformations. They are listed in the table IV. The functions and covariant vector fields must be real, so that the matrices remain self-adjoint.

TRANSFORMATION OF GAUGE FIELDS

This work builds on section 12.1 of [3]. A gauge transformation G = e^{igM} , where M is a self-adjoint matrix field and g the coupling constant, and a minimal interaction introduced

TABLE IV. The Three distinguished fields Form with dimension interaction P C T 1 2 AI A ∈ ΛM [A] = 1 gc(ψ, ⟨A, γ⟩ ψ)_a + - - 1 2 fγ_f f ∈ FM [f] = Length^{−1} fg_γ c(ψ, ψ)_a + - - 1 2 fξ_f f ∈ FM [f] = Length^{−1} 0 - + +

by the covariant derivative Dψ = dψ + igB leads to the transformation of the vector field B given by the first part of (12.5) of [3], B → ^G(B) = GBG^∗ + i g (dG)G^∗ . (46) The transformed field is easily seen to be self-adjoint. It must also be shown that ^ G_1G_2 = ^G_1 ^G_2 , (47) which follows from the product rule.

The second line of (12.5) - although widely accepted, and being true in 1D - seems to fail in general. The transformation law derived in the next section holds for SU(2) and SU(2, 2).

Explicit transformation formula for pairwise anti-symmetric generators

Assume that the gauge group have self-adjoint generators T_i, with {T_i, T_j } = 2ϵ^2_i δ_{ij} I . (48) In SU(2) with generators^1_2 σ, the values are ϵ_k =^1_2 ; in SU^∗(2, 2) the values are ϵ_k =^1_2 or ϵ_k =^i_2 , seven of each. Write A = � a_iT_i, (49) where a_i ∈ F(M) are real functions, and introduce r := � ϵ^2_i a^2_i andλ = � ϵ^2_i a_ida_i , (50) so that dr = 1 r λ . (51) First, an closed expression for G is found. Applying A^2 = � a_ia_jT_iT_j = r^2 (52) leads to G = � (igA)n n! = � (−)n(gr)2n

(2n)!

I + igA

� (−)n(gr)2n (2n + 1)!

(53)

= cos(gr)I + i sin(gr) r A . The external derivative of G^∗ becomes

dG^∗ = − g sin(gr) r λ + i sin(gr) − gr cos(gr) r^3

Aλ − i sin(gr) r dA .

In the expression for (dG^∗)G, the term (dA)A may be rewritten

(dA)A = λI + 1 2 � i<j (a_jda_i − a_ida_j )[T_i, T_j ] . (54)

Now, (dG^∗)G can be reduced leading to (dG^∗)G = i cos(gr) sin(gr) − gr r^3

Aλ − i cos(gr) sin(gr) r dA (55) + 1 2 � i<j (a_j da_i − a_ida_j )[T_i, T_j ] .

∗ allanl.jensen@gmail.com [1] Wick G. C. Jacob M. On the general theory of collisions for particles with spin. Ann. Phys., 7(4):404–428, 1959.

[2] Daniel V. Schroeder Michael E. Peskin. An Introduction to Quantum Field theory. Westveiw Press, 1995.

[3] Alexia L. Rebenko. Theory of Interacting Quantum Fields. De Gruyter, 2012.